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Abstract.  We  obtain  conditions  for  the  SLLN  to  hold  for  some  classes  of  processes  with 

finite  o^-moment,  1  <  a  <  2,  which  in  addition  are  Fourier  transforms  of  random 
measures.  With  this  spectral  approach,  we  also  give  conditions  for  the  pointwise  ergodic 

theorem  to  hold,  for  some  classes  of  operators  between  L  -spaces,  1  <  a  <  +®.  In 
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particular,  we  find  a  criterion  which  applies  to  invertible  linear  operators  T  on  L  such  that 
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1.  Introduction 

(  V  -  _ 

The  criterion,  obtained  by  V.  F.  Gaposhkin  [<H],  for  a  (weakly)  stationary  process  to 
satisfy  the  strong  law  of  large  numbers  (SLLN)  has  had  various  extensions,  in  particular  to 
second  order  non-stat ionary  harmonizable  processes,  ([G2],  [R],  (D)).,.  Outside  of  the 
L^-framework,  it  has  also  been  studied  for  Fourier  transforms  of  independently  scattered 
symmetric  o-stable  (SaS)  measures  in  [CHW])..  It  is  shown  here  that  via  this  spectral 

9 

approach,  neither  the  L  -requirement  nor  any  distributional  assumption  are  indispensable 
in  establishing  the  SLLN.  Only  the  harmonic  representation  with  respect  to  a  bounded  (in 
a  sense  to  be  made  precise)  random  measure  is  crucial.  This  is  illustrated  in  the  present 
work,  where  we  obtain  conditions  for  the  SLLN  to  hold  for  some  classes  of  processes  with 
finite  -moment  which,  in  addition,  are  Fourier  transforms. 

It  is  well  known  that  stationary  processes  and  unitary  groups  of  operators  are 
interchangeable,  and  so  are  the  corresponding  strong  law  and  pointwise  ergodic  theorem. 
This  type  of  duality  between  operators  and  processes  carries  over  to  our  framework, 
although  in  general,  the  operators  are  not  shifts.  It  is,  thus,  also  the  purpose  of  our  work 
to  obtain  the  pointwise  ergodic  theorem,  for  some  new  classes  of  operators  between 
La-spaees,  1  <  a  < 

We  now  give  a  brief  description  of  the  content  of  this  paper.  In  the  next  section,  we 
set  the  stage.  We  introduce  the  processes  under  study  and  also  illustrate  the  scope  of  our 
approach  with  various  examples.  Section  3  is  the  core  of  the  paper,  and  ergodic  properties 
of  processes  are  developed.  These  results  recover  some  classical  strong  laws  such  as  the 
ones  for  orthogonal  random  variables,  martingale  difference  processes,  etc..  In  section  4, 
we  adapt  our  framework  to  operators  to  give  a  criterion  for  the  pointwise  ergodic  theorem 
to  hold  for  some  new  classes  of  operators  between  La-spaces.  This  also  recovers  some 
classical  results.  In  the  last  section,  we  discuss  some  random  fields  generalizations. 


Acknowledgement:  The  reinterpretation  of  our  results  in  an  operator  theoretic  framework, 
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1. e.  Section  4,  stemmed  from  conversations  with  Karl  Petersen  for  which  the  author  is 
heartily  thankful. 

2.  Preliminaries 

Let  (ft,#,?)  be  a  probability  space  and  let  LQ(fl,5,?)  (La(?)  for  short)  be  the 
corresponding  space  of  complex  valued  random  variables  with  finite  a^-moment,  1  <  a  <  2 
and  let  also  L °(Q,B,?)  be  the  space  of  random  variables.  On  La(?)  the  norm,  i.e., 
(£|  •  |  is  denoted  by  ||  •  ||  where  £  the  expectation.  Finally,  throughout,  K  denotes  a 
generic  absolute  constant  whose  value  might  change  from  an  expression  to  another. 

We  now  recall  some  terminology  and  results  which  are  in  [H1-H3].  A  (strongly) 

continuous  (norm)  bounded  process  X  :  R - *  L  (?)  is  (a, p) -bounded,  1  <  p  <  +®,  if  and 

only  if  there  exists  a  finitely  additive  Z  :  BQ(R)  - *  L°(?)  of  bounded  (o,/?)-variation 

such  that  X  =  1  im  [  (l-[  flle'^dZfp  in  uniformly  on  compact  subsets  of  R, 

A-'  +  ao  ^  —A  A 

and  where  5Q(R)  are  the  Borel  sets  with  finite  Lebesgue  measure.  For  P  =  +®,  Z  is 
<r-additive  on  the  Borel  sets  5(R),  the  exponentials  become  Z-integrable,  and 

lim  (l-iii)eit^dZ(0  =  e'^dZ(£).  For  a  =  2,  (o,®)-bounded  processes  are  also 

A-'+ao  ^  —A  A  •'R 

known  as  (weakly)  harmoni:able  and  when  £Z(-)Z(-)  :  5(R)*5(R)  - •  C,  extends  to  a 

2 

measure  on  £(R  )  they  are  (Loeve  or  strongly  harmonizable).  For  Z  orthogonally  scattered, 

i.e.,  £Z(A)Z  (  B)  =  0  whenever  A  (1  B  =  <j>,  A,  B  e  5(R),  the  process  X  is  stationary.  For  1 
<  a  <  2,  a  typical  example  of  random  measure  Z  is  an  independently  scattered  isotropic 
SoS  with  finite  control  measure  in  which  case,  Z  has  finite  (p,»)-variation  for  any  1  <  p  < 
a.  To  illustrate  the  scope  and  the  applicability  of  our  results  we  now  present  some  less 
typical  examples  (we  do  consider  the  case  a  >  2  for  future  considerations  on  operators 
given  in  Section  4).  A  discrete  time  orthogonal  process  X  =  {XQ}  with  £|Xn|^  <  K  is 
(2,2)-bounded  (see  (HI)).  By  taking  i.i.d.  Bernoulli  (or  Rademacher)  random  variables  via 


Khintchine  inequality  we  can  get  (o,2)-boundednesss,  1  <  a  <  +®.  For  less  "independent" 

examples,  let  a  >  2  and  let  X  :  1  - •  La( ?)  be  a  norm  bounded  martingale  difference 

process.  Then,  by  Burkholder's  and  Minkowski’s  inequality  we  have 


Again,  X  is  (o,2)-bounded,  but  for  a  >  2,  hence,  XQ  =  f  ein^dZ(4),  n  6  I,  where  Z  is 

**  —t 

"dominated"  by  Lebesgue  measure.  In  all  these  examples,  X  and  Z  can  be  recovered  from 
one  another  by  inversion  formulae. 

Since  a  (a, ^-bounded  process  X  is  strongly  continuous,  we  can  assume  that  it  is 
(t,u;)-measurable  with  locally  integrable  sample  paths  and  the  averages  aTX(w)  = 
i  rT 

im  X(t,o>)dt,  T  >  0,  w  6  fl,  are  well  defined.  We  then  say  that  X  satisfies  the  SLLN 

“  J_T 

1  N 

whenever  1  im  <rTX(u;)  =  0  (lim  E  \(^)  =  0  in  the  discrete  time  case),  for 

T-00  N**<jo  n=-N 

almost  all  u  (we  will  usually  omit  the  reference  to  w,  e.g.,  write  for  <7jX(oi)). 

We  now  state  two  majorizing  lemmas  which  are  needed  thereafter.  The  proof  of  the 
first  one  is  a  zero  complexity  extension  (replacing  Cauchy-Schwarz’s  inequality  by  Holder's 
inequality)  of  a  result  of  Rousseau  [Rj,  which  goes  back  to  Gal  and  Koksma  [GK],  and  so  is 
omitted.  The  second  one,  which  for  a  =  2  is  just  one  of  the  various  form  of  the  famous 
Grothendieck's  inequality,  can  be  found  in  Pisier  [P]  and  [H3]. 

We  need  some  more  notation.  Given  any  integer  p  >  0,  an  integer  n  >  2  such  that 

2P  <  n  <  2P+1  has  a  unique  binary  decomposition  n  =  2P  +  1  +  E  (.2^,  where  c  = 

j=l  J 

(*!,...,«  )  €  {0,1  }p.  Hence,  to  any  such  n,  i.e.,  to  any  sequence  f  €  {0,1}P  we  can  also 
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associate  the  (finite)  sequence 


ak(«,P)  =  \ 


2P  +  1  +  E  c;2M, 
j=l  J 
oP  J 


k=l  ,2,...,p 
k=0 


With  these  notations  and  if  a^  is  short  for  ak(c,p),  we  have. 


Lemma  2.1.  Let  (zj)  be  a  sequence  of  complex  numbers  and  let  {tj}  be  a  sequence  of 
positive  numbers.  Then,  for  any  p  >  1  and  1  <  a  <  2,  we  have 


max 


n 

£ 


2p<n<2p+1  j=2p+l 


<( 


P 

£ 

k=l 


n-a)-y.( 


p 

E  ti 

k=l  k  (6, 


E  ,|  Ek  z.|ft). 


Lemma  2.2.  Let  the  process  X  be  norm  bounded,  strongly  continuous  and  (<*,oo)-bounded, 
1  <  a  <  2,  with  associated  random  measure  Z.  Then,  there  exists  a  finite  positive  measure  v 
such  that 


|[  fdZIl  <(f  |f|V)‘/2, 
Jr  a  Jr 


(2.1) 


for  all  f  €  L^(^)  (the  functions  which  are  square-integrable  with  respect  to  dt'). 


It  is  clear,  that  whenever  X  is  strongly  continuous  and  (o,/?)-bounded,  the  Fourier 

representation  as  well  as  the  boundedness  property  give  1  im  <r^JC  =  Z(0),  in  La(7).  But, 

T-*® 

it  is  also  well  know  that,  even  in  the  stationary  case,  Z(0)  =  0  a.s.,  is  not  a  sufficient 
condition  for  the  SLLN  to  hold.  Similarly,  it  is  not  because  the  dominating  v  is  (2.1)  is, 
say,  the  spectral  measure  of  a  stationary  process  satisfying  the  SLLN,  that  the  dominated 
X  satisfies  the  SLLN.  After  all,  (2.1)  is  just  a  norm  estimate.  However,  this  norm 
estimate  is  a  strong  ingredient  in  obtaining  a  criterion  for  the  almost  sure  convergence  of 
the  ergodic  averages. 

To  finish  our  preliminaries,  we  say  that  a  dominating  measure  v  in  (2.1)  is 


5 


a/2 -atomistic  if  E  v{2  k  1  <  j  ^ j  <2  k}a^  <  +B.  it  \s  clear  that  for  a  =  2,  v  is  always 
k=0 

a/2-atomistic  and  such  is  also  the  case  for  1  <  a  <  2  when  dr^t)  =  i^(t)dt,  v  e  L^(IR),  1  <  7 

<  +®,  or  when  o  is  discrete  with  jumps  j.  such  that  E  j,  <  +®. 

K  k=0 K 


3.  The  Spectral  SLLN 


With  the  result  of  the  previous  section,  our  approach  in  proving  the  SLLN  follows 
classical  paths.  The  first  of  which  is  another  lemma  showing  that  we  can  reduce  the 
problem  to  the  dyadic  subsequences.  We  prove  our  results  only  for  the  more  interesting 
situation  of  continuous  time  processes  with  also  0  =  +®,  discrete  time  result  are  obtainable 
in  a  identical  fashion.  The  case  0  <  +®  will  be  worth  a  separate  statement  (Theorem  3.6). 
Finally,  throughout  this  section,  and  unless  otherwise  stated,  (a, a>) -bounded  is  short  for 
strongly  continuous,  norm  bounded,  fa, a>) -bounded,  with  also  1  <  a  <  2. 


Lemma  3.1. 


1 1  m  max 
p-*+®  2P<  n 


Let  X  be  ( o,»)-bounded  with  a/2-atomistic  dominating  measure,  then 

1  <Tnx~<T  „x  1  =  <»■»■  n 

<2P+I  2p 


Proof.  As  in  the  harmonizable  case  (strong  or  weak,  see  Rousseau  [Rj  or  Dehay  [D]),  and 
n 

since  <tqX  -  o  X  =  E  (<7tX  -  <7.  ,X),  applying  Lemma  2.1  with  its  notation,  we  get 
2  j=2p+l  J  J" 


i  max  |  o  X  -  o  XI a 

2P<n<2P+1  2P 


(  E  J1'")  £  t  2* 

k=l  K  k=l  k  (f 


max 
1  »•' 


k^X-a.  X(°). 
.,ck)€{0,l}k  *k  *k-l 


(3.1) 


To  prove  the  result,  it  is  enough  to  show  that  £  max 

2p<n<2p+1 


”»x->x| 


is  the  general 
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term  of  a  convergent  series.  Since  X  is  (a,®)-bounded,  for  any  T  >  0  we  have  = 
(gjPli)dZ(Q  and  by  (3.1)  and  (2.1),  it  is  in  turn  enough  to  show  that 


E  tP'a)  E  t.2k 


k=l  K 


sin  ak4  sin  ak-14 


k=1*  c€{0,l}kJRl  kS 


a/2 

d^)}  ),  (3.2) 


is  itself  the  general  term  of  convergent  series.  To  do  so,  and  as  for  stationary  or 
harmonizable  processes,  we  divide  R  into  four  pieces,  {|4|  <  2-P-1},  {2-P~*<|4|<2~P+k}, 
{2_p+k< |4|  <  1},  {|4|  >  l}.  We  then  use  the  triangle  inequality  and  proceed  to  estimate 
each  one  of  the  resulting  four  sums.  The  estimates  over  the  four  different  regions  are 
similar  and  so  we  just  give  the  details  for,  say,  the  second  region.  Since 

~TT  ~  S1Vk~r  “  K 1  Vak-1 1 2/ 1  ak-l  1 2  *  K2(P"k)2/  22p,  we  have 


-  sin  ak4  sin  ak-14 

{2~P_1<|4I  <2”P+k}  ak^  ak-l  ^ 


d^O} 


‘<L 


(2  p_1<|{|  <  2  p+k} 


<Mfl} 


k  Ot  1 

With  the  previous  inequality  and  taking  tk  =  t  ,  1  <  t  <  2  ,  we  get 


®  P  u 
E  (  E  t,  2  max 

. _ i  i _ i  K 


^{2  ^<141  <  2  : 


sin  ak4  sin  ak_j4| 


P=l'k=l*  r€{0,l}k'J^<l^^2"P+kH  *k 


a/2 

<Mfl)  ) 


<K  E  (  E  tk2k2  ok{[  j  _p+k  d^4)}a/2) 

p=l  k=l  J{2  ^<141  <  2  P+K} 

=  K  E  (  E  E  [  ;  i  _i  MO}^2)- 

p=l  k=l  j=p-kJ{2  J  1<|4|  <2  J} 


<  K  E  (  E  tM1  °^k  E  t/{2  j  l< 1 4|<2  j}°/2),  since  a  <  2. 
p=l  k=l  j=p-k 
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Now,  by  rearranging  its  terms  the  above  series  becomes 

=  K  E  /'{2-j-1<|{|<2'j}a'/2  E  tk2(l-a)k 

j=0  k=l  p=max(j,k) 

<  K  E  <\(,\<2~)}Ctl'2  E  (k+l)tk2^1_a^k  <  +«,  since  u  is  o/2-atomistic. 

j=0  k=l 

Finally,  {  E  tP~Q^  <  {l-t^1-0^  }-*,  and  the  sum  (3.2)  with  R  replaced  by 

k=l  K 

n+w  sin  sin  a,,  (  2 

{2  <|£|<2  p  }  is  thus  finite.  For  the  first  region,  we  use  — -4 - -  t < 

ak^  ak-P 

KKI^Ia^-a^j |2  <  K|£|222(P~k^  and  proceed  similarly.  The  third  series  can  be 

sin  a.£  sin  a.,  4  2  2 -l 

estimated  using  — -  — - -j-  <  K I ak_ak-l  ^  /  * ak-l  *  I  ^ak-l  *  - 

(,n_L\  _on  1  Sin  ak*  sin  ak-l^  2 

K2tP-KJ2  “p/ 1  ^  | 1  -  To  estimate  the  last  sum,  we  use  — t-j-  -  — r - t~  < 

ak^  ak-l^ 

K/|a,  ^|2<K2-2P/U|2  Thus  (3.2)  is  finite,  and  the  result  follows.  m 


We  now  state  the  main  result  of  this  section,  a  criterion  for  the  SLLN  to  hold  for 
(a,x)-bounded  processes  with  a/2-atomistic  dominating  measure. 


Theorem  3.2.  Let  X  be  (o,®)-bounded  with  random  measure  Z  and  o/2-atomistic 
dominating  measure.  The  following  conditions  are  equivalent. 

(i)  For  a.a.  uj,  lim  <rTX(u>)  exists. 

T-+oo  1 

(ii)  For  a.a.  a;,  1  im  Z{  j <  2-P}(u>)  exists. 

p-*+® 

Under  either  condition,  and  for  a.a.  w,  1  im  crTX  =  lim  Z{j£j  <  2~P}  =  Z(0). 

T-*®  p->+® 

o 

Proof.  Again,  as  in  the  L  -case  (stationary  or  harmonizable) 

<rTX  =  (<rTX  -  <rnX)  +  (crnX  -  o  X)  +  (<r  X -Z{Ul  <  2^})  +  Z{|{|  <  2^). 
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Since  ||X  ]|  <  K,  arguments  similar  to  the  ones  of  Proposition  1  in  [R]  gives 

l  C* 

lim  sup  |<7tX-<7  Xj  =  0  a.s.,  and  the  first  parenthesis  converges  to  0  a.s..  The 
n-®  n<T<n+l  1 

middle  parenthesis  is  taken  care  of  by  the  previous  lemma.  For  the  third  parenthesis , 
to  conclude  that  lim  a  X(u>)  —  Z  { |  Cl  <  2-p}(w)  =  0,  a.s.,  we  again  wish  to  show  that 

p-+®  2 p 

£\a  X  -  Z  {|4|  <  2~p}|a  is  the  general  term  of  a  convergent  series.  But,  using  the 

2p 

triangle  inequality  as  well  as  Lemma  2.2  we  have, 


00 

<  £  • 
P=HlJ 


mi<2  p}|  2p^ 


£  e\o  DX  -  Z  {Ui  <2  p}|a 
p=l  2P 

D  2  la/2  fr  D  2  W2 

2P4  J  lJ{kl>2"P}  2P£  J 


To  prove  the  result,  it  is  thus  again  enough  to  show  that  both  series  converges.  We 

provide  the  details  only  for  the  first  integral.  Since  — - -  if  <  K22p| £|2,  the  first 

2P£ 

sum  is  dominated  by 

K  £  2op{  £  f  _k  _kiU|2dKO}a/2 

P=1  k=pJ{2  J<K|  <2  K} 

<K  £  2ap(  £  2“2k«/{2~k_1<|4|<2~k})a/2 
p=l  k=p 


<K  £  2°^  £  2_dci'{2_k~1<|4|<2~k}a/2 
p=l  k=p 

=  K  £  2“aki/{2_k~1<U|<2“k}a/2  £  2^ 
k=l  p=l 

<K  £  i/{2-k-1<  j 4| <2“k}°/2  +  K  £  2"aky{2"k"1<|4|<2-k}°/2  < +®. 
k=l  k=l 
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Using 


sin 


2P£ 


2P4 


<  K/|2P4|^,  the  second  sum  can  be  estimated  in  a  similar  way.  Thus, 


lim(cr  X  -  Z  (|  £|  <  2‘_p})  =  0  (a.s.  ?).  Finally,  (a,»)-boundedness  via  Lemma  2.2  give 
jh®  2P 

1  i m  Z  { | £|  <  2_p}  =  Z(0)  in  La(?),  and  the  result  follows.  B 

p-*« 


Before  restating  Theorem  3.2,  in  an  essentially  equivalent  way,  we  need  to 

introduce  some  more  notation.  Let  c.  =  )|  i,  ,  t,  dZ(4)|l,  and  let  Z,  = 

k  l£!  <  2_K1  a  K 

k 


c,_1{ 


.  .  ,  dZ(£)}  for  c,  >  0  and  Z,  =  0  when  c>=  0,  k  >  1. 

(2-k-'<  |0  <2“k|  k  k 


Theorem  3.3.  Let  X  be  (o,x)-bounded  with  random  measure  Z  and  o/2-atomistic 
dominating  measure.  Then,  X  satisfies  the  SLLN  if  and  only  if  one  of  the  following 
equivalent  conditions  holds. 


(i)  For  a.a.  w,  1  i  m  Z{  |  4  |  <  2  p}(u>)  =  0. 

p-*+® 

P 

(ii)  For  a.a.  u/,  1  im  E  c,  Z,  exists,  and  Z(0)  =  0. 

p-*+®  k= 1 

Proof.  In  La(?)  and  by  (o,®)-boundedness,  we  have  dZ(4)  = 

J{0  <  Ul  <  2  p} 

00  r  00  00 

E  ,  ,  .  dZ(4)  =  E  c,  Z. .  Since  by  (a,®)-boundedness,  Y  =  E  c,  Z,  € 

k=fr,{2-k~l<  |0  <2~k}  k=pkk  k=lkk 

f  P - 1 

Lq(7),  we  also  have  __  dZ(4)  =  Z(0)  +  Y-  E  c.  Z,  (in  La(?)),  and  the  result 

-,{|4|  <  2"P}  k=l  k  k 

follows  from  the  previous  theorem.  B 


Remark  3.4.  In  the  above  results,  2  can  be  replaced  by  any  integer  >  2.  The 
o/2-atomistic  requirement  is  also  not  minimal  since  for  "harmonizable"  non  stationary 

stable  processes,  the  condition:  E  i/{2-k~*< 1 4j<2-k  *  }-T,*]}p/a  <  +»>  1  <  p  <  a, 

k=0 

where  v  is  the  finite  two  dimensional  "spectral"  measure  corresponding  to  the 
independently  scattered  SoS  random  measure,  will  also  do  the  job.  We  note  too  that  for  a 
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general  independently  scattered  Z,  the  above  are  independent  random  variables.  Hence, 

N 

since  lim  £  c.Z,  =  Z(0)  (in  La(?))  and  since  by  independence  convergence  in 

N-+®  k=l  K 

probability  and  almost  surely  of  the  series  are  the  same,  we  have  for  a.a.  u>,  1  im  Z{  (£|  < 

p-*+® 

2  p}(u>)  =  Z(0).  Again,  in  the  non-stationary  stable  harmonizable  case, 

£  r^{2-k-1<  |  £|<2_k  *  ]-T,T]}p/a  <  +»,  1  <  p  <  a,  and  Z(0)  =  0  gives  the  SLLN.  We 
k=G 

do  not  know,  however,  if  the  mere  condition  Z(0)  =  0,  is  sufficient  to  give  the  SLLN. 
Finally,  by  analyzing  the  above  proofs,  it  is  also  easily  seen  that  under  the  less  stringent 

requirement:  £  (  £  2_2k  i/{2“p“k_1<|^|<2_p_k})a//2  <  +®,  Theorem  3.2  and  3.3 

p=l  k=0 

continue  to  hold.  Again,  we  note  that  in  the  stable  case  this  last  condition  can,  as  above, 

be  replaced  by  £  (  £  2_2k  t/{2-n-k-1<  |  £\ <2-n~k}  *  ]-*-,jr])p/Q'  <  +®,  1  <  p  <  a. 
n=l  k=0 

In  our  framework,  the  sufficient  conditions  given  by  Gaposhkin  in  the  stationary  case 
or  by  Dehay  in  the  weakly  harmonizable  case  for  the  strong  law  to  hold,  become: 

Theorem  3.5.  Let  X  be  (a,®)-bounded  with  a/2-atomistic  dominating  measure  with  also 
l|Z(0)||  =  0.  If  there  exists  a  finite  positive  measure  v  on  (R2,  5(R2))  such  that 

(i)  ||Z(A)||“<KA*A),  A  €  5q(R) 

(ii)  lf{0<  |^|,|  n\ <(5}(l0g2l0§2  RT)a/2(!°S2l0S2  T <  +«,  for  some  S  >  0. 
Then,  X  satisfies  the  SLLN. 

Proof.  To  prove  the  assertion,  it  is  enough  to  show  that  the  sequence  Z{|£|  <  2-p} 
converges  with  probability  1,  and  to  do  so,  we  again  show  that  £|Z{0  <  |£|  <  2-p}|a  is 
the  general  term  of  a  convergent  series.  Our  proof  is  only  sketched  since  similar  to  the  one 
devised  by  Dehay  [D],  for  o  =  2.  First,  for  2q  <  p  <  2q+1,  we  have  Z{  |  { |  <  2“p}  =  Z(0) 
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+  Z{0  <  |£|  <  2  2q>  -  Z{2  p  <  Kl  <  2~2\  But,  by  (i)  and  (ii)  above  with  q<)  any 

integer  such  that  2~2q°  <  S,  we  have  if  Aq  =  {0  <  |{|  <  2-2<1}  and,  if  log  denotes  the 
logarithm  of  base  2: 

S  I|Z(AX<  5  KA«A) 
q=qo  q  q=%  q  q 

<  E  q“aJJ  (loglog  T|T)°/2(loglog  T||-)^2dK<,»7) 
q-qo  Aqx/q 

<  ff  (loglog  1  )Q'/2(loglog  1  )tt/2dK^,i?)  E  q~a  <  +®. 

Hence,  lim  Z{0<  |(| <2~2Q}  =  0  a.s.  For  Z{2"P  <  Ul  <  2~2Y  let  Bk  =  {2  *k  <  |{|  < 
r-*+® 

— a,,  _9q+ 1  _9q 

2  }  where  ak  is  defined  as  before,  and  let  Cq  =  [2  <  Ui  <  2  }.  Applying 

Lemma  2.1  with  tk  =  1  as  well  as  (i)  and  (ii)  we  get 


+E  £{  max  |Z{2  p  <  U|  <  2  2<l} | a) 
q=qo  2q<p<2q+1 


+  00 
E 

q=qo 


0-1/  2 
q  (  £ 

k=l  (cj, 


•,^{0,1}’ 


l|Z(Bk)||“) 


<+s  q0-1!  2  ^(Ck.Ck))<  £  i'MC'C) 

q=%  ><=>  k  <•=%  q  q 

s  II, o<  |  { | ,  |  <*)('08'°8  TTT)0/2(l06l°8  <  +  - 

_9q 

Hence,  with  probability  one,  lim  max  Z{2~ ^  <  |£|  <2  1  }=0. 

q-*+®  2q<p<2q+1 


Remark  3.6.  The  construction  given  by  Feder  (Fj  can  be  easily  adapted  to  give  a  discrete 
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arbitrary  set  of  positive  measure.  In  fact,  such  X  can  be  chosen  with  absolutely  continuous 
dominating  measure  dr'(t)  =  e(t)dt,  v  €  L^(]-t,jt])  by  also  adapting  the  arguments  in  [G 1] . 

We  now  present  the  SLLN  for  (a,,3)-bounded  processes  when  1  <  0  <  +®,  for  which 
the  results  are  simpler. 

Theorem  3.7.  Let  X  be  (o,/?)-bounded,  0  <  +®,  then  X  satisfies  the  SLLN. 


Proof.  From  the  very  definition  of  (o,^) -bounded ness  (see  [ H 3] ) ,  when  0  <  +®  we  have 

||  fdZ ||  <  (  |f(t)|^dt)^^,  for  all  f  €  L^(R),  hence,  ||Z(0)||  =  0.  Furthermore  X  is  the 

Jr  a '  Jr  a 


uniform  limit  on  compact  sets  of  Cesaro  averages,  hence  for  any  T  >  0  we  have  <r^X  = 

1  im  [A  (1-Ui)  s i  nT£  dZ(0  =  [  (SW^dZtf)  (Z  has  finite  {a,0)  -variat  on,  0  >  1, 
A-+®  J-A  A  T 4  Jr 

hence  L^(R)-functions  are  Z-integrable  and  €  L^(R)).  Now,  repeating  the  steps  in 

Theorem  3.2  and  3.3,  using  also  Holder's  inequality  give  the  result.  a 


Remark  3.8.  When  a  =  0  =  2,  e.g.,  for  martingale  difference  or  orthogonal  processes,  our 
results  are  not  optimal,  in  the  sense  that  the  rate  of  convergence  can  be  improved.  By 
techniques  similar  to  the  ones  in  Theorem  3.7,  or  via  Theorem  3.3  (ii)  with  an  appropriate 
extension  of  the  classical  Rademacher-Menchov  theorem  it  can  be  shown  that  with 

1  N 

probability  one,  1  im  ,  2n+ ILog3»<(2N+  H  E  Xn^  =  °*  f  >  For  P  =  +»,  it  can  also 

be  shown  with  the  above  techniques  and  as  in  [Gi],  [G2],  [R].  and  [D]  for  a  =  2,  that 

1  im  (LogLog2T)  a^<7jX  =  0,  with  probability  one.  The  LogLog  speed  being  the  best 
T->oo 

possible.  The  various  necessary  or  sufficient  conditions  given  in  the  works  mentioned 
above  admit  also  a-counterparts.  Finally,  for  stationary  processes,  Theorem  3.7 
corresponds  to  the  SLLN  for  processes  with  spectral  densities  f  €  L1  +  e(R),  t  >  0. 
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4.  The  Pointwise  Ergodic  Theorem 

In  this  section,  we  now  turn  our  attention  to  operators  and  introduce  first  some 

definitions  which  parallel  the  corresponding  notions  for  processes.  Throughout  this  section 

we  replace  our  probability  space  (Q,5,?)  by  a  measure  space  (also  denoted  (0,5,?)),  and  we 

extend  the  range  a  beyond  2  and  assume  that  1  <  a  <  +®. 

Let  B(La)  be  the  algebra  of  bounded  linear  operators  on  La(?)  equipped  with  the 

strong  operator  topology  and  let  |j-||  denote  the  usual  norm  on  B(La).  Throughout,  let 

also  T  :  R - •  B(La)  be  an  operator  function,  i.e.,  let  T  be  bounded  (sup  ||Ttg||  <  K,  g 

t  a 

6  L  (?))  and  measurable  (t  - >  T  g  is  strongly  measurable).  Since  T  is  bounded, 

t  1 

f(t)T  dt  is  a  well  defined  Lebesgue-Bochner  integral  for  any  f  e  L  (R).  Recalling  that 

JR 

for  0  <  +  oo  (resp.  0  =  +x),  ||  ■  ||^  is  the  norm  on  L^(R)  (resp.  on  CQ(R))  we  set. 

Definition  4.1.  An  operator  function  T  is  (a,0)-bounded  if  there  exists  K  >  0  such  that 

Ilf  f(t)Tldt||  <  K  ||f|U 

JR  P 

for  all  f  6  lV)V  =  {  f  €  L!(R)  :  f  e  L^R)  }  (f  e  LX(R)  when  0  =  +®). 

A  function  E  :  BQ{ R) - •  B(L°)  is  called  an  operator  measure  whenever  it  is  finitely 

additive  and  a  spectral  measure  if  in  addition  it  is  multiplicative,  i.e.,  E(AnB)  = 
E(A)E(B),  A,  B  €  #0(R).  The  relation  between  operator  and  spectral  measures  is  easy  to 
draw:  an  operator  measure  is  a  spectral  measure  if  and  only  if  it  is  projection  valued  (this 
can  be  proved  as  in  Helson  (He]).  Clearly,  these  projections  are  also  commuting 
projections. 

Definition  4.2.  An  operator  measure  E  has  finite  (a, 0) -variation  if  ||jEj||  =  sup{  |||EjJj(A): 
A  €  B  ( R)}  <  +«,  where  ||lEj||(A)  =  sup{  ||  E  a.E(A.)||  :  {A.}?J  c  B  { R)  partition  of  A,  a,  € 

i=l  '  1  1  1  °  1 
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C,  II  S  a.v  |L<1  }• 
i=l  1  Ai  u 

For  any  g  6  La(?),  E  given  by  E  (A)  =  E{A)g,  A  €  5Q(R),  defines  a  random  measure. 

S  O 

Furthermore,  by  uniform  boundedness,  |)|Ej|j(A)  <  +®  if  and  only  if  for  every  g  e  LQ(?), 
ll|Eg|||(A)  <  +»  where  pJIRA)  =  sup{  || _E  aiE(Ai)g||0  :  {A^J  c  BQ(R)  partition  of  A,  ^  e 
n  C 

(,  ||  £  a*  ||  o  <  1  }•  The  integral  f(OdE(£)  of  the  scalar  function  f  with  respect  to  the 
i=l  1  Ai  p  JR 

operator  measure  E  of  bounded  (a,/J)-variation  can  now  be  defined  as  the  element  of  B(La) 

for  which  ( [  f(£)dE(0)g  =  [  f(OdE_(£)>  g  e  La(7).  A  more  direct  definition,  without  any 
JR  Jr  S 

appeal  to  the  random  measures  E  ,  can  also  be  given  using  the  norm  ||-||.  For  E  of 

©  a 

bounded  (o,/?)-variation  (0  <  +oo),  any  f  in  L^(R)  is  integrable  with  respect  to  E,  while  for 

0  =  +®,  the  Borel  bounded  functions  are  also  E-integrable.  Moreover,  ||  f(£)dE(£)gll  < 

Jr  a 

H|E|||l|f||tfl|g|l0,forfeLiJ(ll)andg€L0(?). 

With  the  above  definitions  we  can  state  our  first  result. 

Theorem  4.3.  An  operator  function  T  is  continuous  and  (a,/J)-bounded  if  and  only  if  there 
exists  a  (unique  regular)  operator  measure  E  with  finite  (a,/?) -variation  such  that  Tl  = 

1  im  [  e't^dE({)  (in  B(L°)  with  the  strong  operator  topology),  uniformly  on  compact 

A-«+oo  -*  —A 

subsets  of  R. 

Proof.  Let  T  be  continuous  and  (o, ^-bounded,  then  for  any  g  6  L  (?),  {T  g}teR  is  an 

(o,/?)-bounded  strongly  continuous  process.  Thus,  [H3,  Theorem  3.2]  (actually  Theorem 

3.2  there  is  stated  in  terms  of  the  triangular  kernel,  but  the  proof  carries  over  to  the  step 

kernel  case)  there  exists  a  (unique  regular)  random  measure  Z  with  finite  (a, /^-variation 

^  © 

such  that  Tlg  =  lim  [  elt^dZ_(4),  in  La(?),  uniformly  on  compact  subsets  of  R. 

A^+oo  J— A  g 

Moreover,  <  K  and  ||Zg(A)||Q  <  K||g||Q,  for  every  A  €  BQ{ R).  Hence,  E  :  BQ{ R) - « 


B(L°)  defined  via  E(A)g  =  Z  (A),  g  6  La(?)  satisfies  all  the  stated  requirements.  For  the 

A 

t  A  it£ 

converse,  let  T  =  lim  e  sdE(()  in  the  strong  operator  topology,  uniformly  on 
A-+®  A 

compact  subsets  of  R.  Then,  again  by  Theorem  3.2  of  [H3]  and  for  any  g  6  La(?),  {T^g}^ 
is  strongly  continuous  with  moreover  ||J  fftJT^dtH^  <  |||E^|J|  ||f||^.  Since  |||Eg|||  < 

IIIEjH  ||g||a,  the  result  follows.  a 

Remark  4.4.  Since  L°( 7)  is  weakly  complete,  we  were  able  to  replace  the  relative  weak 
compactness  of  the  sets  {||J  f(t)Ttgdt||a  :  ||f||^  <  1,  f  €  L^(R)V  (f  €  L*(R)  when  0  =  +®)}, 

g  6  L  (?),  by  their  boundedness.  For  0  =  +®,  E  can  be  defined  on  5(R)  and  is  also 
a-additive  (in  the  strong  operator  topology).  Hence,  by  dominated  convergence  and  since 

the  exponentials  are  E-integrable  we  have  lim  [  e*l^dE(£)  =  [  e'^dE(£),  t  €  R,  and 

A-*+«  ■'—A  •'R 

this  recovers  a  result  of  Kluvanek  (K).  For  a  =  2  and  0  =  +®,  T  will  be  called 

harmonizable  even  strongly  harmonizabk  whenever  £EJ  •)£*(■)  can  be  extended  to  a 
2  8  g 

complex  measure  on  R  . 

Corollary  4.5.  Let  T  be  continuous  and  (a, ^-bounded  with  associated  operator  measure 
E.  Then,  T  is  additive,  i.e.,  Tl+S  =  T*TS  for  all  t,  s  €  R,  if  and  only  if  E  is  multiplicative. 

Proof.  Let  E  be  multiplicative,  then  for  any  simple  functions  and  f2  with  bounded 
support,  J^fjf2dE  =  J^dE  By  (a,/?)-boundedness,  this  equality  can  be  extended 

to  Borel  bounded  functions,  since  they  can  be  uniformly  approximated  by  simple  functions. 

It  thus  follows  that  Tt+S  =  lim  [  e^t+s^dE(4)  =  lim  [  e’^dE(£)  [  e's^dE({) 

A-*+®  A  A-*+®*'—  A  •’—A 

=  lim  I  e'l^dE(£)  l  im  [  e's^dE(£),  since  each  individual  limit  exists.  Hence,  Tt+S 
A-,+®>'— A  A-*+®^—, A 

_  jtjS  pQr  tjje  converse)  sjnce  jt+s  _  jtrpS^  ^  gjnce  trigonometric  polynomials  of 
period  2P  are  uniformly  dense  in  C((-P,P)),  we  have  for  any  f^,  f2  continuous  with  compact 
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support  [— P,P]  and  for  A  large  enough  J^f^dE  =  J^fjdE  J^dE.  ^ence’  ^or  ^  Borel 

bounded  f^  and  f.-,  (by  the  domination  property,  this  is  immediate  for  &  <  +®).  Now,  we 
can  approximate  a.s.  a  Borel  bounded  function  by  a  bounded  sequence  of  continuous 
functions  with  compact  support.  Hence,  For  =  +®,  since  E  can  be  chosen  to  be 
(7-additive  on  5( R),  the  dominated  convergence  theorem  for  vector  measures  will  allow  us 
to  conclude.  ■ 

For  a  =  2,  when  E  is  orthogonal  projection  valued,  i.e.,  when  for  every  A  e  5Q(F)  E( A) 
is  Hermitian,  T  is  not  only  additive  but  also  unitary ,  namely,  T^T1*  =  T^T1  =  I  (I  is  the 
identity  operator).  While,  the  martingale  difference  case  corresponds  to  operator  measures 
whose  values  are  differences  of  increasing  orthogonal  projections. 

In  general,  and  in  contrast  to  unitary  operators,  (a,/?)- bounded  groups  T  (T  is 
additive  with  T°  =  I)  are  not  shifts.  This  can  be  seen  as  follows.  Let  X  =  {Xn}n€j  be  a 

discrete  time  (a,<x>)-bounded  process,  1  <  a  <  +®,  X  =  f  ein^dZ((),  and  let  Z  be  of 

n  J-t 

bounded  variation.  Then,  for  any  trigonometric  polynomial  P,  ||f  P(0)dZ(0)||  < 

J-t  a 

j 

|P(0)|d|Z|(0)  where  |Z|  is  the  total  variation  measure.  It  is  then  not  difficult  to  see 

(as  proved  below)  that  X  has  a  well  defined  shift  if  and  only  if  the  following  condition 

holds:  if  for  some  P,  ||  P{0)dZ(0)||  =  0,  then  [*  |P(0)|d|Z|(0)  =  0.  But  for  dZ(0)  = 

J-T  J-T 

Z{XyT  Q|(tf)  -  Tj(^)}d^,  where  Z  €  La(?),  Z  ^  0,  this  cannot  happen  unless  P  =  0.  To 

prove  the  above  claim,  i.e.,  to  verify  that  the  shift  is  a  well  defined  operator  we  need  to 
show  that  the  above  stated  condition  and  Getoor's  [G]  (Cj)  condition  are  the  same.  Let 

(Cj)  be  satisfied,  then  ||J*  P(*)dZ(0)||o  =  0  gives  \\j*  ein*P(0)dZ(0)||a  =  0  for  all  n  €  I. 

Hence,  by  the  uniqueness  of  the  Fourier  transform,  PdZ  =  0  =  |P|d|Z|.  Hence 
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|P|«1|Z|  =0.  Now  if  || T  P(*)dZ(0||  =  0,  implies  T  | P( tf) | d | Z | ( tf)  =  0.  We  have 

T  J~JT  J-K 

i  o'm^P(0)<lZ(0)||o  <  f  |e'n^P(0) | d| Z| (6)  =  0,  and  Getoor's  (Cj)  condition  is  verified. 
After  these  preliminaries,  we  can  now  state  the  main  result  of  this  section.  Again,  we 

/y 

say  that  T  satisfies  the  pointwise  ergodic  theorem  whenever  for  any  g  6  L  (?)  the  averages 
l  fT  t 

jvjt]  T  g(o.')dt,  T  >  0,  u  €  fl,  converge  a.s.  (?),  with  of  course  in  discrete  time,  the 


I  n 

integral  replaced  by  ^rrr  E  T  g(u).  We  only  state  the  result  for  2  <  a  <  +®,  since  the 
a  n=-N 

case  a  <  2  is  already  in  section  3  and  since  the  corresponding  statement  is  slightly 

different.  For  2  <  a  <  4-®,  the  dominating  inequality  (2.1)  becomes  ||  fdE  j|  < 

JR  g  Q 

llgll  (  |f j a+<d^)1^a+f,  f  >  0  (see  [P],  the  result  there  is  actually  not  given  for  R  but  for 

JR 

a  compact  space  and  also  not  for  operator  measures,  however,  with  arguments  as  in  [H3] 
the  above  stated  inequality  can  be  obtained). 


Theorem  4.6.  Let  2  <  o  <  +oo.  Let  T  be  (a,®)-bounded  with  representing  operator 

measure  E  and  a/a-f  (-atomistic  dominating  measure.  Then  T  satisfies  the  pointwise 

ergodic  theorem  if  and  only  if  1  im  E  {  0  <  |  £|  <  2~n  )  =  0,  a  s.  for  all  g  6  La(?).  Let  T 

n-*+«  ° 

be  (a,/?)-bounded,  p  <  +®,  T  satisfies  the  pointwise  ergodic  theorem. 

Proof.  As  in  Theorem  3.2,  3.3,  and  3.7.  m 

For  operators  between  Hilbert  spaces,  Theorem  4.6  has  the  following  interesting 

particular  case.  Let  T  :  L2(?) - »  L2(?)  be  invertible  with  also  sup  ||Tn||  <  +®,  and  let 

nei 

T®  =  1.  By  a  result  of  Sz.-Nagy  [Sz.N],  there  exists  a  unitary  operator  U  and  an  invertible 

Hermitian  operator  Q  such  that  T  =  Q-1UQ.  Hence,  for  any  g  €  L2(?),  ||  £  a  Tng||i?  < 

n=-N  n 

IIQ'1II2||QII2II  £  a  Ung||2  =  k[T  |  E  a  ein V^IIEgll2  <  K||g|||sap|  E  a  einV, 

n=-N  *  J-jt  n=-N  u  1  $  n=-N  n 
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and  the  group  T  is  (2,®)-bounded.  In  other  words,  power  bounded  and  invertible  power 

2 

bounded  discrete  groups  on  L  (?)  are  exactly  the  Fourier  transforms  of  the  a-additive, 

o 

spectral  measures  from  the  Borel  a-algebra  5(]-r,Tj)  to  B(L  )  (the  (2,®)-bounded  defining 
N  N  .  a 

property,  i.e.,  ||  S  a Tng|L  <  K||g|Lsup|  E  a  e  |  trivially  gives  sup  ||Tn||  <  +*). 
n=-N  n  z  £  g  n=-N  n  n€£ 

Combining  this  observation  with  the  previous  results  we  get. 

o 

Corollary  4.7.  Let  T  be  an  invertible  bounded  linear  operator  on  L  (?)  such  that 

sup  ||Tn||  <  +oo.  Then,  T  is  (2,oo)-bounded  with  associated  spectral  measure  E,  and  it 
n  61 

satisfies  the  pointwise  ergodic  theorem  if  and  only  if  1  i  m  E  {  0<  |£|  <2n}  =  0,  a.s. 

n-»+®  ° 

for  ail  g  €  l?(?). 

Remark  4.8.  It  is  not  clear  to  us  how  Corollary  4.7  relates  to  the  usual  positivity 

assumption  encountered  in  ergodic  theory.  In  particular,  we  do  not  know  how  it  relates  to 

de  la  Torre's  (T]  ergodic  theorem,  i.e.,  we  do  not  understand  why  for  T  positive  (Tf  >  0 

whenever  f  >  0)  the  condition  1  im  E  {  0  <  |£|  <  2-n  }  =  0,  a.s.  is  always  satisfied.  A 

n-*+®  ® 

better  understanding  (a  characterization?)  of  the  effects  of  positivity  on  the  spectral 

measure  is  certainly  the  key  to  this  problem.  Unfortunately,  Theorem  4.6  does  not  give 

any  information  about,  say,  the  ergodicity  of  the  isometries  in  L  (?),  a  /  2.  It  is  shown  in 

[CH]  that  the  class  of  moving  averages  of  L4vy  motion  (for  which  the  shift  exists  and  is  an 

invertible  isometry)  and  the  (a,®)-bounded  class  are  disjoints  (the  results  in  [CH]  continue 

to  hold  for  shifts  T  such  that  sup  ||Tn||  <  +®).  However,  isometries  and  more  generally 

nel 

/V 

power  bounded  and  invertible  power  bounded  operators  on  L  (?)  do  admit  another  type  of 
spectral  representation  (see  Berkson  and  Gillespie  [BG])  which  for  a  =  2  corresponds  to 
(2,«)-boundedness.  This  spectral  representation  might  help  to  study  the  ergodicity  of  such 
operators  on  La(7),  a  t  2. 


It  is  clear  that  there  are  various  potential  extensions  and  generalizations  of  the  above 
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results.  These  include,  for  example,  the  local  ergodic  theorem  or  the  pointwise  ergodic 
theorem  for  "pseudo"  Hermitian  operators  (see  [K]),  more  generally  for  operators  for  which 
some  kind  of  spectral  representation  with  respect  to  a  non  orthogonally  scattered  operator 
measure  holds.  Except  for  random  fields,  to  which  our  last  section  is  devoted,  we  only 
state  as  a  sample,  a  result  for  which  the  passage  from  unitary  to  power  bounded  and 
invertible  power  bounded  operators  is  rather  safe. 

For  unitary  operators  Jajte  (J]  proved  that  the  convergence  of  the  ergodic  averages 
and  the  existence  of  the  ergodic  Hilbert  transform  are  equivalent.  Combining  Jajte's 
arguments  as  well  as  the  methods  presented  here,  this  equivalence  holds  more  generally: 

9 

Corollary  4.9.  Let  T  be  an  invertible  bounded  linear  operator  on  L  (?)  such  that 

1  N_1  n  9 

sup  ||Tn||  <  +®.  Then,  lim  £  E  T  g  exists  a.s.  ?,  for  every  g  €  L  (?)  if  and  only  if  lim 
n€l  N-*  <x>  n=0  N-*oo 

E  Tng/n  exists  a.s.  ?,  for  every  g  €  L2(?). 

0<  |  n  |  <N 


5.  The  Spectral  SLLN  for  Random  Fields 


We  assume  to  the  end  of  this  paper  that  X  =  {Xj^m  is  a  strongly  continuous,  norm 
bounded  random  field.  It  is  easily  seen  that  the  univariate  (a,/?)- boundedness,  1  <  a  <  2, 
definition  given  in  [H3]  carries  over  to  the  case  of  fields,  in  fact,  even  to  the  LCA 
framework).  Essentially  as  in  [H3],  it  also  follows  that  X  is  (o,/?)-bounded  if  and  only  if  Xt 

=  lim  JA‘  (1-  1  | 1  1  )eit»fr....(l-  I  |  ■  I  )e't°»^  dZU„...£m)  in 

--A.  —A  A  |  A 


A=(A|,.. .  A0)-*+®  J-Aj  J-Am 


La(?),  uniformly  on  the  compacts,  where  Z  :  #0(Rm) - ♦  L°(?)  has  finite  (a, /^-variation. 

The  multidimensional  version  of  Grothendieck's  inequality  continue  to  hold  (see  [P]). 


Lemma  5.1.  Let  the  random  field  X  be  (o,®)bounded  with  associated  random  measure  Z. 
Then,  there  exists  a  finite  positive  measure  v  on  Rm  such  that 
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for  all  f  €  \?{v). 


(5.1) 


For  fields,  averaging  is  always  more  delicate  than  for  processes.  Throughout,  we 


follow  Gaposhkin  [G 1),  denote  by  |A^|  the  volume  of  A^,  and  study  the  averages,  crnX( u>) 


1 


J  X(t,  o»)dt,  p  >  0,  u  €  fi,  where  X(t,  u>)  =  X(tj,  t2,  •••,  tm,  w),  dt  = 


dtjdt2  -  dtm,  and  where  the  A  satisfy  the  following  three  conditions: 


(i)  For  each  p ,  A^  is  a  bounded  convex  body  containing  the  origin. 

(ii)  For  0  <  pQ  <  p  <  p\  A  C  A  ,  and  \Ap'^  ~  <  yp'~  p. 

I  P 

(iii)  There  exist  two  positive  constants  Kj  and  K2  such  that  the  length  d(/>)  of  any  chord 
of  passing  through  the  origin  satisfies  <  d(/?)  <  K ^P,  P  >  PQ  >  0. 


It  is  clear  that  n-dimensional  spheres  of  radius  p  with  center  at  the  origin  satisfy  the 
above  three  conditions.  This  is  also  true  of  n-dimensional  cubes  centered  at  the  origin  with 
side  of  length  p.  Rectangles  with  do  not  flatten  out  also  satisfy  these  conditions.  We 
finally  say  that  X  satisfies  the  SLLN  whenever  lim  o  X  =  0,  with  probability  one.  For  £ 

p-*+®  " 

€  Rm  we  set  |  £ |  =  (^  +  ^  +  •  •  •  +  ^)1/2,  and  then  have. 


Theorem  5.2.  Let  the  random  field  X  be  (a,®)-bounded,  with  random  measure  Z  and 
a/2-atomistic  dominating  measure.  Then,  X  satisfies  the  SLLN  if  and  only  if  for  almost  all 
w,  lim  Z{|4|  <  2“p}(w)  =  0. 

p-*+® 

Proof.  The  proof  requires  only  adjustments  from  the  univariate  results  and  so  will  only  be 
sketched.  Again,  opX  =  (<y(  -  <7QX)  +  (<rnX  -  o^X)  +  {a^X  -  Z{|£|  <  2"?})  + 

Z{  1 41  <2^}.  Since,  ||Xt||  <K,  using  condition  (ii)  we  easily  see  that  for  n  <  p  <  n+1, 
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ll"/  -  "„XC  i  K{Jl/|Ap|  -  I/I  A„|  |a||„nX|!“  +  I  A,  -  Anl“/|An|a)  <  Kn~a 


Hence,  with  probability  one,  lim  sup  \a X-o  X|  =  0.  For  the  third  bracket,  let 

n-x  n<p<n+l  p  n 


^  iy«l  -  K/(2Plfl) for  m>2p,  breaking  Rm  into  {[(j  <  2“p}  and  {|(|  >2  p}, 


we  get  using  Lemma  5.1,  E^  £ |  a^X  -  Z  { |0  <2  p}  |a  <  +*.  Hence,  for  almost  all  «, 
lim  a  X  -  Z{  |  0  <  2  p}  =  0.  For  the  middle  bracket,  we  note  that  Lemma  3.1  with 

P-+®  2P 

its  notations  continue  to  hold,  we  apply  Lemma  5.1  and  we  also  break  Rm  into  four  pieces: 

{Ul  <  2-p-1},  {2_p_1< U| <2-p+k},  (2_p+k< |  (|  <  1},  {|(|  >  1}.  For  |(|  <  2“^\  we 

have  using  (ii)  and  (iii)  |K  (fl-Ka  (01  <  K|(|  |ak -ak_1|.  For,  2-p-1< | (|<2“p+k 

k  1 

we  have  by  (i)  |K  |fl-K  (€)l  <  K|»k-*k_,|/|»k_1|.  For,  2“P+k<|{|  <  1,  we  use 

K  K  1 


the  previous  inequality  and  the  fact  that  (i)  and  (iii)  gives  |Ka  (01  <  K|ak0_1  to  get 

k 

lKak^“Kak  -  K I ak  "  ak_i  I / ! ak_i I  Kak_i I •  Finally,  when  |(|  >  1,  again  (i) 
and  (iii)  gives  |K^(0I  <  K|ak0_1,  hence  1^(0  ~  ^(01  <  Kla^fl-1.  Now,  as 


in  the  proof  of  Lemma  3.1,  these  estimate  lead,  with  the  atomistic  assumption,  to  four 
convergent  series  and  the  result  follows.  _ 


Remark  5.3.  The  requirement  on  the  A  's  are  just  set  to  ensure  that  the  kernels  K  do 

P  p 
satisfy  the  right  estimates  and  so,  for  any  average  for  which  such  estimates  hold,  Theorem 

5.2  continue  to  be  true.  It  is  also  clear  that  Theorem  3.3,  3.5,  and  3.7  admit 

multidimensional  versions  and  that  as  in  [Gil],  the  sequence  (2""^}  can  be  replaced  by  more 

general  sequences. 


22 


BIBLIOGRAPHY 


[BG]  E.  Berkson,  T.A.  Gillespie,  Steckin’s  theorem,  transference  and  spectral 
decompositions,  J.  Func.  Anal.  70  (1987),  140-170. 

[CHW]  S.  Cambanis,  C.  Hardin  and  A.  VVeron,  Ergodic  properties  of  certain 
stationary  stable  processes,  Stochastic  Process.  Appl.  24  (1987),  1-18. 

[CH]  S.  Cambanis,  C.  Houdr6,  Stable  noise:  moving  averages  versus  Fourier  transforms, 
University  of  North  Carolina  Center  for  Stochastic  Processes  Technical  Report  No. 
297,  May  1990. 

[D]  D.  Dehay,  Strong  law  of  large  numbers  for  weakly  harmonizable  processes, 
Stochastic  Process.  Appl.  24  (1987),  259-  267. 

[F]  M.  Feder,  On  power  bounded  operators  and  the  pointwise  ergodic  property,  Proc. 
AMS  83  (1981),  349-  353. 

[GK]  L.  Gal,  J.  Koksma,  Sur  l'ordre  de  grandeur  des  fonctions  sommables,  Proc.  Konink. 
Ned.  Akad.  v.  Wetensh.  53  (1950),  638-653. 

[Gl]  V.F.  Gaposhkin,  Criteria  for  the  strone  law  of  large  numbers  for  some  classes  of 

second-order  stationary  processes  and  homogeneous  random  fields,  Th.  Probability 
Appl.  22  (1977),  286-310. 

[G2]  V.F.  Gaposhkin,  A  theorem  on  the  convergence  almost  everywhere  of  measurable 
functions,  and  its  applications  to  sequences  of  stochastic  integrals,  Math  USSR 
Sbomik  33  (1977),  1-1 7. 

[G]  R.  K.  Getoor,  The  shift  operator  for  non-stationary  stochastic  processes,  Duke 

Math.  J.  23  (1956),  175-187. 

[HI]  H.  Helson,  The  Spectral  Theorem,  LN  1227  Springer-  Verlag,  Berlin,  Heidelberg 
1986. 

[HI]  C.  Houdre,  Stochastic  processes  as  Fourier  integrals  and  dilation  of  vector 
measures.  Bull.  Am.  Math.  Soc.  21  (2)  (1989),  281-285. 

[H2]  C.  Houdr6,  Harmonizability,  V-boundedness,  ( 2, P) -bounded ness  of  stochastic 
processes,  Probab.  Th.  Rel.  Fields  84  (1990),  89-45. 

[H3]  C.  Houdr6,  Linear  Fourier  and  stochastic  analysis,  University  of  North  Carolina 

Center  for  Stochastic  Processes  Technical  Report  No.  258,  April  1989  (to  appear  in 
Probab.  Th.  Rel.  Fields  1990). 

[J]  R.  Jajte,  On  the  existence  of  the  ergodic  Hilbert  transform,  Ann.  Probab.  15 
(1987),  831-835. 

[K]  I.  Kluv&nek,  Characterization  of  Fourier-Stieljes  transformations  of  vector  and 
operator  valued  measures.  Czech.  Math.  J.  17  (1967),  261-277. 


23 


[P]  G.  Pisier,  Factorization  of  linear  operators  and  geometry  of  Banach  spaces.  CBMS 
Regional  Conf.  Ser.  in  Math.,  no.  60.  Providence,  R.I.:  Amer.  Math.  Soc.  1986. 

[R]  J.  Rousseau-Egele,  La  loi  forte  des  grands  nombres  pour  les  processus 
harmonisables,  Ann.  Inst.  H.  Poincare  B  15  (1979),  175-186. 

[Sz.Nl  B.  Sz.  Nagy,  On  uniformly  bounded  linear  transformations  in  Hilbert  space,  Acta 
Sci.  Math.  (Szeged)  11  (194  V.  152-157. 

[Tl  A.  de  la  Torre,  Simple  proof  of  the  maximal  ergodic  theorem,  Can.  J.  Math.  28 
(1976),  1073-1075. 


Technical  Reports 
Center  for  Stochastic  Processes 
Department  of  Statistics 
University  of  North  Carolina 
Chapel  Hill,  NC  27599-3260 


278.  G.  Kallianpur  and  R.  Selukar,  Estimation  of  Hilbert  space  valued  parameters 
by  the  method  of  sieves,  Oct.  89. 

279.  G.  Kallianpur  and  R.  Selukar.  Parameter  estimation  in  linear  filtering, 

Oct.  89. 

280.  P.  Bloomfield  and  H.L.  Hurd,  Periodic  correlation  in  stratospheric  ozone 
time  series,  Oct.  89. 

281.  J.M.  Anderson,  J.  Horowitz  and  L.D.  Pitt,  On  the  existence  of  local  times: 
a  geometric  study,  Jan.  90. 

282.  G.  Lindgren  and  I.  Rychlik,  Slepian  models  and  regression  approximations  in 
crossing  and  extreme  value  theory,  Jan.  90. 

283.  H.L.  Koul,  M-estimators  in  linear  models  with  long  range  dependent  errors, 
Feb.  90. 

284.  H.L.  Hurd,  Almost  periodically  unitary  stochastic  processes,  Feb.  90. 

285.  M.R.  Leadbetter.  On  a  basis  for  'Peaks  over  Threshold’  modeling,  Mar.  90. 

286.  S.  Cambanis  and  E.  Masry,  Trapezoidal  stratified  Monte  Carlo  integration, 
Mar.  90. 

287.  M.  Marques  and  S.  Cambanis,  Dichotomies  for  certain  product  measures  and 
stable  processes.  Mar.  90. 

288.  M.  Maejima  and  Y.  Morita,  Trimmed  sums  of  mixing  triangular  arrays  with 
stationary  rows.  Mar.  90. 

289.  S.  Cambanis  and  M.  Maejima,  Characterizations  of  one-sided  linear 
fractional  L€vy  motions.  Mar.  90. 

290.  N.  Kono  and  M.  Maejima,  Holder  continuity  of  sample  paths  of  some 
self-similar  stable  processes.  Mar.  90. 

291.  M.  Merkle,  Multi-Hilbertian  spaces  and  their  duals.  Mar.  90 

292.  H.  Rootz^n,  M.R.  Leadbetter  and  L.  de  Haan,  Tail  and  quantile  estimation 
for  strongly  mixing  stationary  sequences,  Apr.  90. 

293.  K.  Benhenni  and  S.  Cambanis,  Sampling  designs  for  estimating  integrals  of 
stochastic  processes  using  quadratic  mean  derivatives,  Apr.  90. 

294.  S.  Nandagopalan,  On  estimating  the  extremal  index  for  a  class  of  stationary 
sequences,  Apr.  90. 

295.  M.R.  Leadbetter  and  H.  Rootz6n,  On  central  limit  theory  for  families  of 
strongly  mixing  additive  set  functions.  May  90. 

296.  W.  Wu,  E.  Carlstein  and  S.  Cambanis,  Bootstrapping  the  sample  mean  for  data 
from  general  distribution.  May  90. 


297.  S.  Cambanis  and  C.  Houdr6,  Stable  noise:  moving  averages  vs  Fourier 
transforms.  May  90. 

298.  T.S.  Chiang,  G.  Kalllanpur  and  P.  Sundar,  Propagation  of  chaos  and  the 
McKean-Vlasov  equation  in  duals  of  nuclear  spaces.  May  90. 

299.  J.M.P.  Albin,  On  the  upper  and  lower  classes  for  stationary  Gaussian  fields 
on  Abelian  groups  with  a  regularly  varying  entropy,  June  90. 

300.  M.  Iizuka  and  Y.  Ogura,  Convergence  of  one-dimensional  diffusion  processes 
to  a  jump  process  related  to  population  genetics,  June  90. 

301.  G.  Samorodni tsky ,  Integrability  of  Stable  Processes,  June  90. 


